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Motor and Plume Particle Size Prediction
in Solid-Propellant Rocket Motors
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Models are developed for 1) agglomerationof powdered aluminum on the burning surface of a metallized com-
posite solid propellant in order to predict average diameter of aluminum agglomerates as a function of propellant
composition, pressure, burning rate, and size distribution of oxidizer particles and 2) the processes of coagulation
and aerodynamicshattering of liquid aluminum-oxidedroplets in an accelerating gas � ow. The critical upper value
of droplet diameter in the throat, which is calculated theoretically, is in agreement with the mean-mass diameter
D43 obtained by numerical simulation of a two-phase � ow with coagulation and particle breakup. A formula is
proposed for the average particle diameter at the nozzle exit, which is con� rmed by agreement with the measured
values of D43 of aluminum-oxide particles in plumes of small, medium-sized, and large solid rocket motors. The
proposed formula is also in agreement with Hermsen’s correlation of measured diameters. Based on a comparison
between theoretical calculations and numerous experimental data, the formula is recommended for prediction of
the aluminum-oxideparticle size in plumes of various types of solid rocket motors.

Nomenclature
c = speci� c heat capacity
cp = speci� c heat capacity of the gas at constant pressure
D = diameter
E = activation energy
F = cross-sectionalarea
K = preexponent
k = ratio of speci� c heats
Le = ¸g=.½g·gcp/, Lewis number
m = mass
Nu = Nusselt number
P = pressure
Pr = Prandtl number
Q = heat of reaction
R = radius
R0 = universal gas constant [8.31441 J/(K mole)]
Re = .1 ¡ ®Al/½T !±a=¹g , Reynolds number
S = elementary surface of a fuel-binder
T = temperature
t = time
W = ½awa=½gwg , particle/gas fraction
We = ½g.wg ¡ wa/=¾b , Weber number
w = velocity
x; y; z = coordinates
Y = mass concentrationof the gas
® = mass fraction
¯ = volume fraction
° = reduced velocity
± = agglomerate diameter
" = emissivity
´ = oxide-� lm thickness
· = diffusion coef� cient
¸ = thermal conductivity
¹ = viscosity
º = stoichiometric coef� cient
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½ = density
¾ = surface tension
¾0 = 5:67 £ 10¡8W/(m2K4), Stefan–Boltzmann

radiation constant
¿ = dimensionless temperature
Â = molecular weight
! = composite solid propellant burning rate

Subscripts

a = “aggregate,”agglomerate
Al = aluminum
agl = lifted-off agglomerate
b = material
C = curvature
e = equilibrium
f = polymeric binder
g = gas
j = number of the fraction of oxidizer particles

or pocket number
ox = oxidizer
s = surface
T = solid propellant
t = throat value
1 = gaseous oxidizer
2 = gaseous propellant
3 = gaseous products of reaction
1 = gas-phase � ame
» = quantity averaged over the diameter ±:

"
QT D 1

±

Z
±

0

T .z/ dz

#

I. Introduction

C OMBUSTION of composite solid propellants (CSPs) is ac-
companied by accumulation and agglomeration of aluminum

particles on the reacting surface. According to the estimates of pre-
vious investigations,1¡7 the diameter of particles ejected from the
surface by gaseous products of CSP decomposition can vary from
5–10 to 200–800 ¹m. The absence of prediction and control over
the degree of agglomeration can result in undesirable depositionof
burning particles onto walls in the combustion chamber and mo-
tor malfunctions.The existing analyticalmodels8¡12 cannot predict
the size distribution function of particle agglomerates leaving the
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burning surface,which is vitallynecessaryfor numerical simulation
of two-phase � ow in the chamber. Among well-known models are
those reported in Refs. 10 and 11, which are based on the pocket
model of agglomeration. According to this model, the volume be-
tweenammoniumperchlorate(AP) particlesprovidesisolatedpock-
ets in which the accumulation and interaction of particles occur
with the binder and small aluminum particles; as a result, particle
agglomerates are formed with dimensions limited by the pocket
sizes and the content of aluminum in them. The pocket model of ag-
glomeration is widely used in analysisof CSP burning.Correlations
of agglomerate diameter on the volume of pocket and AP particle
sizes, which are similar in shape, are analyzed in Refs. 6, 13, and
14. Unfortunately,the pocket model ignores the effect of pressurein
the combustor, the changes in the burning rate, etc. In addition, the
study5 shows that, apart from the pocket model of agglomeration,
there are interpocket mechanisms (where agglomerates of differ-
ent pockets merge) and prepocket mechanisms (where more than
one agglomerate is formed in the pocket). Agglomeration of alu-
minum depends on many competitive dynamic processes; the lack
of knowledge of these processes leads to insoluble dif� culties in
the agglomeration description. It follows from the analysis that the
agglomeration models developed should be rigidly related to CSP
composition and the character of its burning.

Being located on the surface or close to it, particle agglomerates
have enough time to ignite. A two-phase � ow with liquid burning
polydisperse particles is formed in the combustor. Having differ-
ent particle-gas lag, the particles might collide with each other and
interact. Particularly large agglomerates entrained by the gas � ow
can break as a result of the Rayleigh–Taylor instability arising in
them. Combustion of metal particles in the chamber proceeds at
a temperature of the ambient gas »3000–3500 K and is accom-
panied by the formation of condensed aluminum oxide; therefore,
when aluminum burns out its oxide in the liquid form remains on
the agglomerate. This indicates that particle agglomerates, enter-
ing the � ow and traversing the distance from the burning surface to
the nozzle, cannot change signi� cantly their diameters caused by
combustion. Even in the case of complete oxidation of aluminum,
particleagglomerateschange in diameterby only 20–40%(Ref. 14).

Historically, models of the motion of two-phase mixtures were
based on experimental studies of solid rocket motor (SRM) nozzle
� ows.15¡24 Models of two-phase � ows15 were initially constructed
on the assumption that the particle size is small (»1–2 ¹m), their
volume concentrationis insigni�cant (<10¡4), and the particles ex-
ert no effect on the gas and do not interact with each other. The
gas played a role of a carrier phase, which activity was reduced to
resisting strength stipulated viscosity of gas and friction at stream-
lining a particle.The in� uence of volume of particles and constraint
of a stream16 was complicated by equations of motion; the type
of these equations became composite,25 which have complicated
the mathematical statement of boundary-value problems. Models
of polydispersetwo-phase � ows were proposed to take into account
particle interaction,which allowed calculationof particle growth as
a result of collisions and coagulation.17¡20 These models were later
complemented in Refs. 21–23 by a description of fragmentation
effects during collisions.

One of the main principles of mechanics of heterogeneous
media26 is theconditionof conservationof nestingof mixture scales.
In other words, the characteristic scale on which the averaged � ow
parameters change signi� cantly should be much greater than the
scale of nonuniformity, that is, particle size. Thus, the assumption
of the small particlesize is the most severe requirementin all models
of two-phase � ows, and it is impossible to avoid it.

The most importantfactor that suppressessigni� cantlythe growth
of particlesis theiraerodynamicfragmentationcausedby interaction
with the gas � ow. Aerodynamic fragmentationof liquid particles is
described by the dimensionless Weber criterion, which character-
izes the ratio of the aerodynamic and surface tension forces on the
particle. The Weber criterion of fragmentation allows two-phase
� ow theory to satisfy the scale principle.

Hermsen27 documentsan extensivebibliographyof thepreviously
published experimental data on the measured mean-mass particle

diameter D43 in plumes of a large number of various SRMs, which
differ in size, propellant type, content of aluminum, nozzle geome-
try, etc.He also lists a numberof empiricaldependencesobtainedby
the least-squares method for D43. According to the data of Ref. 27
D43 for the selected Al2O3 particles at the nozzle exit is in the range
0.25 · D43 · 13.3 ¹m.

Laredo et al.28 present the results of measurements of aluminum
agglomerate dimensionsnot only at the nozzle exit but also in com-
bustion chambers of very small-scale engines with channel and
head-endcombustion.Observationand optical measurementof par-
ticles in the combustor were performed through a special window
built into the engine body. The window was mounted either ahead
of the nozzle entrance or near the propellant surface. According
to Ref. 28, aluminum agglomerates leaving the propellant surface
at a pressure of 3.6 MPa had the normallogarithmic size distri-
bution with a mean volume-surface diameter D32 D 132 ¹m and
standard deviation of 18 ¹m and were signi� cantly greater than
the initial aluminum powder in the propellant.Almost all large ag-
glomerates turned into a large number of small particles as they
moved along the combustor. The mass concentration of small par-
ticles (D32 < 2 ¹m) at the nozzle exit was less than 10%, most
particles had D32 < 50 ¹m, and only a small number of particles
had D32 > 85 ¹m. The mean volume-surface diameter D32 at the
nozzle exit was less than 2.5 ¹m.

A joint analysis of the results of numerous experimental
studies27;28 and numerical simulations17¡24;29 of polydisperse two-
phase � ows with liquid particles in SRM nozzles yields the fol-
lowing pattern of variation of the granulometric composition of
particles in the two-phase � ow. The mean-mass diameter D43.x/ as
a function of the x coordinate exhibits the greatest change in the
subsonic part of the nozzle, including the throat. If small particles
are injected at the nozzle entrance [D43.0/ D 0.01–2 ¹m], then the
calculations of Refs. 17–19 yield a monotonic increase in D43.x/
for x > 0, which is sustainedby coagulationcaused by collisionsof
particles with each other because of the difference in the velocity
lag relative to the gas. The conditions of aerodynamic fragmenta-
tion accordingto the Weber criterion We ¸ Wet for particles of this
size either cannot be reached at all or are ful� lled for individual
large fractions. Effects of breakup as a result of collisions can be
manifested very seldom and for individual particles only. If large
particles are injectedat the nozzle entrance [D43.0/ D 20–100 ¹m],
the curve of D43.x/ has alternating sectors of monotonic increase
and drastic decrease, which are caused by particle breakup induced
by reaching the critical conditions of aerodynamic fragmentation
We ¸ Wet . The effect of aerodynamic fragmentation prevails over
coagulation, and the dependence D43.x/ decreases with increas-
ing x .

Behind the throat, the expanding � ow is strati� ed so that large
fractions of particles remain in the core of the stream (as a result of
inertia), whereas small particles have enough time to change their
trajectoryto follow the gas and are de� ected toward the nozzle wall.
Under these conditions the lag between the gas and particle veloci-
ties becomes small, and D43.x/ remains almost unchanged.17;18;23;29

An analysis of specially performed calculations Kovalev and
Fomin29 shows that, as a result of aerodynamic fragmentation and
coagulationof particles,the mean-massdiameter D43.x/ of particles
in an acceleratinggas � ow tends to a limitingvalue,which is reached
in the nozzle throat and then remains almost unchanged up to the
nozzleexit.Under theseconditionsthe regimeof the � owaroundliq-
uid droplets always remains close to the Stokes law (Cx D 24=Re/.
A deviationfrom this law inevitably leads to the developmentof the
Rayleigh–Taylor instability inside the particle. Under conditionsof
rapid acceleration of the gas � ow, particularly in the subsonic part
of the nozzle, instabilityoccursalmost instantaneously,which leads
to particle breakup. Unfortunately, quantitative characteristics of
fragmentation (number and size) of the droplets formed cannot be
rigorously described. Thus, liquid droplets of Al or Al2O3 suffer
the greatest changes in size during their motion through the engine
nozzle.

In the present work a numerical-analyticalanalysis of aluminum
agglomeration processes on the CSP burning surface is performed,
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and the degreeof shatteringand coagulationof liquidAl2O3 droplets
in SRM nozzles is evaluated.

II. Aluminum Agglomeration Model
In constructing the physical model of aluminum agglomeration,

we will use experimental results available in this � eld,3¡5 where the
most typical features of the formation of aluminum agglomerates
in combustion of AP-based model CSPs with moderate content of
metal are formulated.The main assumptionson which the model is
based are as follows (see Fig. 1):

1) The CSP burning surface, following Ref. 30, is assumed to
consistof cells includingelementarysurfacesof the AP oxidizerand
the polymeric binder with small (diameter ±s D 5–15 ¹m) particles
of aluminum.

2) In the course of decomposition of the binder, accumulation
of aluminum particles occurs within the surface S bounded by AP
grains.

3) The initialaluminumparticlesthat appearon the surface S have
a temperature equal to the burning surface temperature (Ts D 800–
1000 K), that is, higher than the aluminum melting point and lower
than the aluminum-oxide melting point.

4) Within the surface S an “aggregate” consisting of contacting
aluminum particles is initially formed; cohesion of particles is en-
sured either through carburizing by carbon-containingproducts of
polymer decomposition or by liquid aluminum that appears partly
on the particle surface, which results from the formation of cracks
on the oxide � lm.

5) The shape of the aggregate is such that it is always possible to
introduce some effective diameter ±a.t/ and effective width of the
oxide � lm ´a.t/.

6) There is no temperature gradient inside the aggregate, which
allows us to introduce the mean temperature Ta.t/ over the mean
diameter ±a.t/ of the aggregate.

7) The aggregate is affected by the general con� ning mechanical
force (surface tension and other forces), which retains it on the
surface S, the body force, and the Stokes drag force induced by the
� ux of gases formed by decompositionof the polymeric propellant.

8) If the aggregate is small (±a less than 500 ¹m), the mass force
is also small and can be ignored.5

9) The internal energy of the aggregate changes as a result of
heat exchange with the ambient gas qc, radiant � ux qr from the
diffuse-kinetic� ame, internalself-heatingresultingfromaluminium
oxidation, and contact interaction with colder particles.

10) The aggregateincreasesin size until the moment of aluminum
ignition, after which the initial particles merge and form a spherical
agglomerate;at this moment the con� ning mechanicalrelationwith
the surface is broken, and the agglomerate hangs above the surface
and is entrained by the gas � ow under the action of the Stokes
force.

11)The geometriccon� gurationof thepropellantsurfaceremains
“frozen,” that is, S remains unchanged in time up to complete for-
mation and separation of the agglomerate (see Fig. 1).

A. Laws of Conservation

The variation of the mass and internal energy of the aggregate
(agglomerate) is described by the following system:

Fig. 1 Aluminum agglomerationmodel.
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The functions ±a.t/, Ta.t/, and ´a.t/ are unknown quantities. The
� rst equation describes the change in the aggregate mass as a result
of addition of initial aluminum particles from the heated layer. The
second equation describes the energy balance of the aggregate, and
the third equation is the effective law of oxidation for the conglom-
erate of aluminum particles.31

The CSP compositiondetermines completely the size of elemen-
tary surfacesof the oxidizerand fuel-binder.30 Accordingto Ref. 32,
we can write S D ¼ D2

ox.1 ¡ ¯ox/=6¯ox; here Dox, ¯ox are the mean
diameter and the volume fraction of the oxidizer particles.

To calculateheat exchangebetween the agglomerateand gaseous
products of decomposition around it, we use the following expres-
sion for the Nusselt number26:

N u D
»

2 C 0:5RePr; Re · 1

2 C 0:46Re0:55Pr0:33; Re > 1 (4)

Here Pr D cp¹g=¸g is the Prandtl number, and Re D ½gvg±a=¹g ¼
.1 ¡ ®Al/½T !T ±a=¹g is the Reynolds number.

The growth of an agglomerate begins with a diameter ±s of initial
particlesAl, whichhavewidthof an oxide� lm ´s . The � nal diameter
of an agglomerate, which is carried out in a stream, is determined
then, when its temperature Ta.t/ begins unrestrictedly to increase:
Ta.t/ ! 1, ±a.t/ ! ±agl. Equations (1–3) for the � rst time were
offered in Ref. 33, but without the account radiant component qr of
heat exchange between an agglomerate and gas, which, as will be
shown next, essentially in� uences on its heat-up.

Equation (1) is immediately integrated, whence ±a.t/ D ±s[1 C
.6¯Al!T S=¼±2

s /t]1=3. After transitionto dimensionlessvariablesand
elimination of time, two other equations [(2) and (3)] are reduced
to the following form:

d

dx
2 D Ä3

x

1 C Z
exp

³
2

1 C 12

´
C 62g ¡

³
3
x

C 6

´
2

C Ex
£
.1 C 121/4 ¡ .1 C 12/4

¤
(2*)

d

dx
Z D 3

x2

1 C Z
exp

³
2

1 C 12

´
(3*)

x D xs; 2 D 0; Z D 0

2 D
Ea

R0T 2
s

.T ¡ Ts/; Z D ´ ¡ ´s

´s
; x D ±a

Dox

Ä D 6
1

Qa

½AlcAlTs

´s

Dox
; 3 D ¼ Ka

2¯Al!T S

D3
ox

´2
s

exp

³
¡ 1

1

´

6 D 3¼¸g Dox

cAl½Al¯Al!T S
Nu; E D 3¼

1

D2
ox"0¾0T 3

s

cAl½Al¯Al!T S

S D ¼ D2
ox.1 ¡ ¯ox/

6¯ox
; 1 D

R0Ts

Ea

Here x is the dimensionless diameter; 2.x/ is the dimensionless
temperature, and Z.x/ is the dimensionless effective width of the
oxide � lm of the agglomerate.



1202 KOVALEV

B. Calculation of the Heat-Wave Pro� le in the Gas

According to the commonly accepted notions,30 the products of
decompositionof the oxidizer and fuel-binder react with each other
and form local micro� ames (kinetic and diffuse ones). The kinetic
micro� ame arises at a certain distance from the solid surface and
is characterizedby combustion of the premixed mixture of gaseous
oxidizer and fuel-binder. In the diffuse micro� ame the oxidizer and
propellant are separated so that combustion is limited to diffusion
of components to the reaction zone. According to the Beckstead
Derr Price (BDP) model,30 diffuse micro� ames arise in regions of
stoichiometric ratios of the components. If the propellant composi-
tion is overrich in the binder, the surfaces of stoichiometric ratios
of the components merge above the oxidizer particles and have a
paraboloid shape. The formationof a kinetic micro� ame on the sto-
ichiometric surface of the components leads to the appearance of a
diffuse micro� ame. Thus, at low pressures the kinetic micro� ame
can cross only the tips of stoichiometric surfaces above large par-
ticles of the oxidizer,4 on which diffuse micro� ames are formed.
With increasing pressure the stand-off distance of the kinetic mi-
cro� ame from the solid surface decreases, and diffuse micro� ames
can be formed on � ner fractions of the oxidizer. Heating and igni-
tion of agglomerates is accelerated as a result of interaction with
micro� ames.4 Thus, the position of the kinetic micro� ame is a fac-
tor that hampers the growth of particles and limits the degree of
agglomeration.

Solving the problem of CSP burning in the general case is cur-
rently rather problematic. We consider a simpli� ed formulation of
the problem. It is assumed that the chemical processes in the � ame
are irreversible and proceed in one stage º1 A1 C º2 A2 D º3 A3 with
velocity 9.Y1; Y2; Tg/. The presence of aluminum particles and ag-
glomerates on the surface does not exert a signi� cant effect on the
formation of micro� ames. The distance at which the kinetic mi-
cro� ame is formed is determined by solvingone-dimensionalequa-
tions of heat conduction and diffusion of the components34 (see
Fig. 1):

cpmT
d
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If the � rst component(oxidizer)is de� cient in theCSP, thenY11 D 0,
Y21 6D 0; otherwise, Y11 6D 0, Y21 D 0. The z coordinate changes
along the normal to the solid surface of the propellant.

Assuming that the Lewis number is Le D ¸g=½g·gcp D 1, system
(5–8) reduces to one equation in dimensionless variables34:
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To solve Eq. (9), we use an approximate integral method with
temperature approximated by the third-order polynomial

¿ D ¿s[1 ¡ 1:5.h=H / C 0:5.h=H /3] (10)

where the coef� cients are determined from the boundaryconditions
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dh2
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h D H : ¿ D 0;
d
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Equation (10) represents the variationof gas temperatureacross the
layer from the propellantsurface to the � ame. Here H is the dimen-
sionless thickness of the thermal boundary layer or the distance at
which thekineticmicro� ame is formed.Setting additionalboundary
conditions on the derivatives is a natural requirement in the theory
of the stationary thermal boundary layer. Substituting Eq. (10) into
Eq. (9) and integrating with respect to h from 0 to H , we obtain a
quadratic equation for H ; solving it, we � nd
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Within the range 0 · t · 1; ¿ varies from 0 to ¿s < 0. We can easily
see that 9.¿ / ¸ 0 across the layer ¿s · ¿ < 0 and is limited by the
condition Y1s =ºY2s · 1, which corresponds to lack of the oxidizer.
Equations (5–9) assume that the mass burning velocity mT D ½T !T

is known (Moreover, the dependence of the burning rate on pres-
sure is also known.), which allows one to calculate the parameters
at C1. In particular, for the burning temperature T1, we obtain
T1 D Ts C .Qg=cp/[Y1sY2s=.º1Y2s C º2Y1s/]. The calculationof the
gas temperature pro� le Tg.z/ begins from estimating T1 , then 8
and H are determined at a given pressure p, and, � nally, ¿ .h/ and
Tg.z/ are found (Fig. 1).

C. Calculation of the Effective Diameter of Agglomerates Lifting
Off from the Surface S

Introducing the effective temperature of the gas on the agglom-
erate surface by the formula

QTg D 1

±a

Z ±a

0

Tg.z/ dz

we provide mathematical closure. Integration of Eqs. (1–3)
was performed by the fourth-order Runge–Kutta method with
a variable step. The following values of constant parameters
were used in calculations: Ts D 980 K, ±s D 15:0 £ 10¡6 m, ´s D
5 £ 10¡7 m, ¸g D 0.1258 J/(m ¢ s ¢ K), ¹g D 7:2 £10¡5 N ¢ s/m2,
cp D 1257 J/(kg ¢ K), º1 D 1, º2 D 1, cAl D 1000 J/(kg ¢ K), ½Al D
2000 kg/m3, Â1 D 27:893 kg/kmole, and Â2 D 30 kg/kmole. The law
of oxidationof a conglomerateof aluminumparticleswas borrowed
fromRef. 31: Ea D 4:19 £ 105 kJ/kmole, Ka D 3:84 £ 103 m2/s, and
Qa D 3:352 £ 1010 J/m3 .

The curves in Fig. 2 show the agglomerate-temperature variation
as a functionof the agglomeratediameter on the burning surface for
various pressures. Ignition and lift-off coincide with the moment of
unlimited increase in temperature. The critical value ±agl at which
breakdown of thermal equilibrium and unlimited increase in tem-
perature occur corresponds to the � nite size of the agglomerate at
the moment of ignition and liftoff from the burning surface. With
increasingpressure the dependencesTa.±a/ in Fig. 2 become closer
(curves 3, 4, and 5), and the function ±agl.P/ with increasing pres-
sure has a certain nonzero limiting value ±¤

agl. The mechanism of
pressure in� uence is explained as follows. The stand-off distance
H of the kinetic micro� ame from the solid surface decreases with
increasingpressure in accordancewith Eqs. (9) and (10), which re-
stricts thedegreeof agglomerateenlargementand createsconditions
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Fig. 2 Temperature of the agglomerate Ta versus its diameter ±a for
different pressures P(MPa): 1—0.04MPa, 2—0.1 MPa, 3—1.0 MPa, 4—
2.0 MPa, 5—4.0 MPa (!T = 0.9 mm/s, Dox = 200 ¹m, and ±s = 14 ¹m).

Fig. 3 Change of dimensionless components thermal balance of the
agglomeratewith the growth of its diameter: 1—oxidizing of aluminum
f1 = X K [x/(1 + Z)] exp[H /(1 + D H )]; 2—heat exchange by gas and
initial particles f2 = R H g ¡¡ (3/x + R )H ; and 3—radiation from the gas
phase f3 = Ex[(1 + D H 1 )4 ¡¡ (1 + D H )4].

for the formation of several agglomerates within one pocket, so-
called prepocket mechanism.5 At low pressures, where H is high,
the agglomerate does not have enough time to ignite, its size be-
comes comparable with the size of the surface S, and the possibility
of contactinteractionwith similaragglomerateslocatedin theneigh-
boring pockets appears. In this case the interpocket mechanism of
agglomeration described in Ref. 5 is operational.

Figure 3 shows the changes in heat-balance components of the
agglomerate with increasing diameter of the latter. The in� uence
of the process of aluminum oxidation remains negligible up to
the moment of agglomerate ignition initiation. The contributionof
the radiation component is signi� cant during the entire residence
time of the agglomerate on the surface.

The effect of various initial parameters on the degree of agglom-
eration was numerically studied. As the dependence of the burning
rate on pressure !T .P/ used in Eqs. (1–8) becomes stronger, the
residence time of particles on the surface and the agglomerate sizes
become smaller. With increasing pressure the degree of agglom-
eration decreases, and there exists a threshold value in terms of
pressure, above which ±agl D ±¤

agl remains constant. It was found3¡6

that the size distribution of AP particles affects the degree of ag-
glomeration so that ±agl varies in proportion to the diameter Dox.
The calculated values of ±agl.Dox/ are compared with experimental
results3 in Fig. 4. The CSP composition in the calculations corre-
sponded to that in Ref. 3: ¯Al D 0.12, ¯ox D0.37, and ±s D 14 ¹m.
The dependencies of the burning rate on the diameter Dox of AP
particles, which were set in the calculations,and the calculatedval-
ues of agglomerates are listed in Table 1. The agreement between
the calculated results and experimental data3 in Fig. 4 was reached
by changing the burning rate shown in Table 1.

D. Generalization of the Model to the Case of a Polydisperse Oxidizer

An important factor that has a signi� cant effect on agglomer-
ate dimensions is the granulometric composition of the oxidizer.

Table 1 Dependence of the burning rate on the diameter
Dox of AP particles, and calculated values of agglomerates

P , MPa Dox, ¹m !T ;mm/s ±agl; ¹m

2.0 50 7.5 68
80 7.5 80

140 7.5 106
200 7.5 180
280 7.5 205
350 7.5 240

4.0 50 9.0 47
80 8.9 58

140 8.5 81
200 8.0 104
280 7.7 140
350 7.0 192

Fig. 4 Effect of the particle diameter of the AP oxidizer Dox on the
agglomerate size for the experimental value of the meam-volumediam-
eter ±agl (Ref. 3) (curves 1–3) and the calculated values of ±agl Eq. (39)
(curves 4 and 5). P, (MPa): 0.1 (curve 1), 2 (2), 4 (3), 2 (4), and 4 (5).

In studying CSPs with a polydisperse oxidizer, it was found4;5 that
the propellant has a cellular structure formed with participation of
AP particles comparable in size. We consider the size distribution
function of AP particles and approximate it by a stepwise function
with division into N fractions. Within each fraction, we introduce
the mean diameter Dox;j, such that the following inequalities hold:
Dox;1 > Dox;2 > ¢ ¢ ¢ > Dox;N. Each of N fractions of diameter Dox;j

forms a pocket numbered j on the surface,which containsall pock-
ets formedby smallerAP particles (Fig. 5). The CSP cell is assumed
to consistof a systemof nestedpockets.To calculatethe area S j lim-
ited by AP particles of diameter Dox;j protruding above the surface,
onehas to considera two-phasesystem“ j -particleC pseudobinder,”
where the pseudobinder consists of binder and aluminum and all
smaller AP particles. The number of AP j particlesper unit surface
is expressed through the volume content

Nox; j D 6¯ox; j

¼ D2
ox; j

¯ox; j D
®ox; j

®Al½ox=½Al C ® f ½ox=½ f C
P j

k D 1 ®ox;k

where ®ox; j is the mass fraction of AP j particles. If the number of
j particles is rather large and the number of elementary surface of
j particles and pseudobinder is roughly identical within a certain
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Fig. 5 Surface of the solid propellant containing three AP fractions in
the binder matrix with small aluminum particles.

sectoron the surface,then the relationS j D ¼ D2
ox; j .1 ¡ ¯ox; j /=6¯ox; j

is valid under the condition Dox;1 À Dox;2 À ¢ ¢ ¢ À Dox;N . Part of
the area S j free from AP, from which the initial aluminum particles
are united, is

S0
j D S j

NY

k D j C 1

³
1 ¡ 3¯ox;k

2

´

This allows us to extend Eqs. (1–8) to the case of a polydisperse
oxidizer:

d±a; j

dt
D

1

2
¯Al!T

³
1 C

±s

±a; j

´2 N ¡ 1Y

k D j

³
1 ¡

3¯ox;k

2

´
(11)

1

6
½Al±

3
a; j cAl

dTa; j

dt
D 1

2
½Al±

2
a; j cAl.Ts ¡ Ta; j /

d±a; j

dt

C ±2
a; j

³
q j C Qa

d´a; j

dt

´
(12)

q j D ¸g Nu. QTg; j ¡ Ta; j /

±a; j

C "0¾0

¡
T 4

1; j ¡ T 4
a; j

¢

d´a; j

dt
D

Ka

´a; j
exp

³
¡

Ea

R0Ta; j

´
(13)

The initial conditions for Eqs. (11–13) have the form

j D N ; t D 0: Ta;N D Ts; ´a;N D ´s ; ±a;N D ±s

(14)

Agglomeration of initial aluminum particles starts from pockets of
minimum size ( j D N ). If only one agglomerate of diameter ±a; j

comparable with the size of the j pocket remains on the surface S j ,
the probability of its contact and merging with identical agglomer-
ates from the neighboringpockets increases.As a result, the transi-
tion to a larger j ¡ 1 pocket occurs, and the interpocketmechanism
of agglomeration works. Only paired interactions are considered,
where the number of particle agglomeratesdecreases by a factor of
two. On passing to a larger pocket, Eqs. (11–13) are solved again
with new initial conditions

1 · j < N ; t D t j : Ta; j¡1 D Ta; j

´a; j ¡ 1 D ´a; j ; ±a; j ¡ 1 D ±a; j (14*)

where t j is the transition time. Upon ignition, where the con� n-
ing relation with the surface is broken, the agglomerate is torn off
from the surface and entrained by the ambient gaseous products
of decomposition.Aluminum agglomerates can exist without igni-
tion for a long time,5 which creates conditions for the appearance

of superlarge agglomerates. Investigation of ignition of aluminum
agglomerates requires a detailed study of the mechanism of for-
mation of local micro� ames.4 In combustion of CSP compositions
with monodisperseAP, the surfacesof the stoichiometricratio of the
components always close down above AP particles.30 In the case of
polydisperse AP, there is no unambiguous answer to this question.
To describe the structure of the combustion wave of a polydisperse
AP composite system, Kovalev35 offered an approximate method
based on the idea of nesting of pockets of different size. Each AP
particle of radius a j D Dox; j =2 is surrounded by an interlayer of
the pseudobinder of radius b j > a j containing all AP particles of
smaller dimensions and aluminum particles. If we assume that the
presence of aluminum particles and their agglomerates on the sur-
face has no signi� cant effect on the surfaceprocessesand formation
of micro� ames, then the combustion in the gas phase within each j
pocket is described by the system of equations of heat conduction
and diffusion of the components 35:

cpmT
@Tg; j

@z j

¡ ¸gr2Tg; j D Qg9; z j ¸ 0; 0 · x j · b j

(15)

mT
@Y1; j

@z j
¡ ½g·gr2Y1; j D ¡Â1º19 (16)

mT
@Y2; j

@z j

¡ ½g·gr2Y2; j D ¡Â2º29 (17)

9 D Kg

³
Y1; j P

R0Tg; j

´º1
³

Y2; j P

R0Tg; j

´º2

exp

³
¡Eg

R0Tg; j

´

x j D 0; x j D b j :
@Y1; j

@x j
D @Y2; j

@x j
D @Tg; j

@x j
D 0 (18)

z j D 0: Tg; j D Ts

mT Y.1;2/ j ¡ ½g·g
@Y.1;2/ j

@z j

D
»

mT ; 0; x j · a j

mT Y ¤
.1;2/ j ; a j < x · b j (19)

Equations (15–19) are consideredwithin each j pocket in the cylin-
drical coordinate system (x j ; z j ), where the axial coordinate z j

changes along the normal to the surface. As a result, the equa-
tions of the generalized model (11–19) are localized within the
j pocket so that all of the smaller pockets together with AP par-
ticles forming them are considered to be averaged over the surface
area of this j pocket. This approach allows one to determine the
pocket-localized distributions of temperature and concentration of
the components. Equations (15–17) yield a linear equation for the
function ¯ 0

j D Y1; j ¡ ºY2; j , .º D Â1º1=Â2º2/, whose solution is ex-
pressed through the Bessel functions of the � rst kind J0; J1:

¯ 0
j .x j ; z j / D e2

j C .1 ¡ e j /
2
£
Y ¤

1; j .1 C º/ ¡ º
¤

C 4e j .1 C º/
¡
1 ¡ Y ¤

1; j

¢ 1X

k D 1

J1.’k e j /J0.’k x j =b j /

’k J 2
0 .’k /

£
1 C

p
1 C .2Ã’k /2

¤

£exp

µ
¡z j

p
1 C .2Ã’k/2 ¡ 1

2Ãb j

¶
(20)

Here ’k are the roots of the equation J1.’k / D 0, e j D a j =b j ,
Ã D ½g·g=mT b j . It is known30 that the concentrations of the com-
ponents on the surface ¯ 0

j .x j ; z j / D 0 are in a stoichiometric rela-
tionship and are not necessarily equal to zero. They might turn to
zero at a certain distance from the surface determined by the kinet-
ics of chemical reactionsand pressure.The criterionof vanishingof
concentrationsand formation of a diffuse micro� ame is the condi-
tion of intersectionof the stoichiometric surface ¯ 0

j .x j ; z j / D 0 and
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Fig. 6 Temperature pro� les in the gas phase (P = 0.04 MPa). The ——
and – – – , curves refer to the experiment36 and calculation by Eq. (9).

Fig. 7 Dependence of ±agl on the content of the � ne AP fraction and
pressure: 4; calculation and +; experiment4 .

the kinetic micro� ame.4 It is obvious that the diffuse micro� ame is
not formed if there is no stoichiometric surface or the kinetic mi-
cro� ame is formed higher than the tip of the stoichiometric surface.
The distance at which the kinetic micro� ame is formed above each
individual pocket is determined by solving Eqs. (15–19).

The combustion-wavestructure of the AP-based CSP was exper-
imentally studied by methods of thermal analysis.36 Two types of
the binderwere used: polybutadiene(HTPB) and polyetherwith hy-
droxyl groups (HTPB). The propellant contained16% of the binder
and 84% of bidisperse AP with coarse (200 ¹m) and � ne (20 ¹m)
fractions. The solid lines in Fig. 6 show the typical oscillogramsof
the temperature distribution in the combustion wave, which were
obtained in Refs. 36. Kubota et al.36 explain the presence of small
peaks by a certain number of elementary trickles generated by dif-
fuse micro� ames. The distance at which the temperature reaches
its maximum value is 150 ¹m for HTPE and 400 ¹m for HTPB.
The oscillograms of temperature distribution in the combustion
wave (solid curves) in Fig. 6 are readily approximated by one-
dimensional temperature pro� les (dashed curves) obtained from
Eq. (9). Because heterogeneous combustion of CSPs has not been
adequately studied yet, the chemical reaction constants in the gas
phasearepracticallyabsentin the literature.The followingdatawere
used in test calculations37: Eg D 150 kJ/mole, Qg D 2:61 £ 106J/kg,
and Kg D 6:3 £ 1011m3/(mole ¢ s), which were varied afterwards.
The agreement of numerical and experimental data in Fig. 6 is
reachedbyvaryingthekineticconstants.In particular,the presentre-
sults were obtained for Kg D 3:1 £ 1013 ¡ 6:5 £ 1013 m3/(mole ¢ s),
Qg D 1:0268£ 107J/kg, and Eg D 150 kJ/mole.

Figure 7 shows a comparison of theoretical calculations with the
experimentaldata of Ref. 4, where the effect of pressureand content

of � ne and coarse AP fractions was studied. With decreasing pres-
sure the residence time of particles on the surface increases, which
favors the growth of the number of mergence acts, enlargement of
agglomerates, and operation of the interpocket mechanism of ag-
glomeration.For a CSP containinglarge and small AP particles,±agl

drasticallydecreasesat a certain thresholdpressure.As the threshold
pressure is reached (approximately0.8–1.0 MPa in Fig. 7), a diffuse
micro� ame is formed on the � ne AP fraction located closer to the
solid surface of the propellant, which accelerates ignition and en-
trainment of smaller agglomerates. The mechanism of in� uence of
the content ®2 of the � ne AP fraction on ±agl is similar. The diffuse
micro� ame above the � ne fraction is not formed until its content
becomes noticeable (this is ®2 D 0.1–0.2 in Fig. 7).

E. Discussion of Results of Agglomeration Modeling

The just-described physical model of aluminum agglomeration
is based on the governing role of aluminum ignition in residence,
enlargement, and separation of agglomerates from the burning sur-
face. This assumption is based on � lming of burning specimens
of the solid propellant,3¡6 where already melted agglomerates of
spherical shape leaving the surface at the moment of ignition were
usually observed. Based on the notion of a cellular (pocket) struc-
ture of the solid propellant, a mathematical model of aluminum
agglomeration on the burning surface is proposed. The model al-
lows one to calculate the characteristic diameter of agglomerates
with regard for pressure, burning rate, and compositionof the solid
propellant.

An approximate method is developed for calculation of the
combustion-wave structure of the solid propellant with a polydis-
perse AP oxidizer. Using this method, it is possible to describe the
laws of formation of diffuse micro� ames and their effect on alu-
minum agglomeration. The granulometric composition of the oxi-
dizer affects the micro� ame temperature.The lower the micro� ame
temperature, the longer the aluminum agglomerates remain on the
surface and are enlarged. The granulometriccompositionof the AP
oxidizer and pressurecan exert a signi� cant effect on the agglomer-
ate sizes. The distribution function of AP particle being varied, the
stoichiometric surfaces are formed on large and medium-sized par-
ticles,when their contentbecomes greater than 30–35%. The size of
agglomerates leaving the surface depends not only on the geomet-
ric characteristics of the pocket but are also limited by the thermal
boundary-layerthickness,where the gas temperature changes from
the surface temperature to the � ame temperature.The integral char-
acteristicsof the processand the degreeof agglomerationare limited
by the thermal action of local gas-phase � ames, which favor more
rapid heating and ignition of agglomerates. Such a mechanism of
agglomeration is typical of CSPs that have a “dry” burning surface,
that is, liquid-viscous8;9 or skeleton5 layers are not formed on the
surface. A rather interesting feature of the in� uence of pressure is
observed, whose role is manifested in Eqs. (5–7) through the ex-
pression for the chemical reaction rate [Eq. (8)] and the prescribed
dependence of the burning rate on pressure !T .P/. An increase in
pressure leads, on the one hand, to a decrease in the boundary-layer
thickness and, on the other hand, to its displacement caused by the
increase in the burning rate and injection of decomposition prod-
ucts from the propellant surface. Therefore, the dependence of the
burning rate on pressure !T .P/, which re� ects the features of CSP
combustion,can be used to control the size of agglomeratesformed.

The agglomerationmechanismsobserved(prepocket,pocket,and
interpocket5 mechanisms) are theoretically justi� ed, and the condi-
tions for their existence are determined.

Nevertheless,theproposedphysicalmodelof formationof diffuse
micro� ames and the method for calculationof the combustion-wave
structure are approximate, pocket-localized, and do not take into
account the effect of large pockets on small ones. The lower the
ambient pressure and the greater difference in AP fractions (The
condition Dox;1 À Dox;2 À ¢ ¢ ¢ À Dox;N is satis� ed.), the lower this
in� uence. In addition to re� nement of the constants of kinetics of
chemical reactions in the gas, it is necessary to take into account the
changes in the surface temperature Ts with increasingpressure.The
initial value of the oxide-� lm thickness ´s with increasing pressure
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should be also re� ned, because the thickness of the oxide � lm on
initial aluminum particles depends on the velocity of the particles
passing through the heated thermal layer.

III. Prediction of Al2O3 Particle Sizes in SRM Nozzle
Let us consider a two-phase � ow with droplets of identical sizes,

in which the concentrationof droplets is small, which allows one to
neglect their interaction at collisions with each other15:

dwa

dx
D ’1

³
wg

wa
¡ 1

´
(21)

dTa

dx
D ’2

³
Tg ¡ Ta

wa

´
(22)

½gwg
dwg

dx
C ½gwg W

dwa

dx
C dP

dx
D 0 (23)

cpTa C
w2

g

2
C W

³
cbTa C w2

a

2

´
D E0 (24)

½gwg F D m0 (25)

P D ½g
R0

Âg
Tg (26)

Here E0 and m0 are constants. The particle/gas fraction W for a
steady � ow is assumed to be constant.The � ow cross-sectionalarea
F is de� ned by the nozzle contour F D ¼ R2.x/. The relaxation
times of the velocity and temperature lag of particles relative to the
gas ’¡1

1 , ’¡1
2 have the form

’1 D 18¹g

±2½b
; ’2 D 6Nucp¹g

Pr½bcb±2
(27)

To take into account the features of aerodynamic splitting of parti-
cles, we consider the Weber criterion in addition to Eqs. (21–27):

We D ½g.wg ¡ wa/

¾b
· Wet (28)

As the Weber number We in a certain cross section of the nozzle
reaches the critical value Wet , all particles are split simultaneously
to an identical number of fragments equal in mass in this cross
section. This rigorous restriction, at � rst sight, leaves us within the
framework of the � ow model (21–27) and, as we will see later, does
not restrict the generality of the result.

A. Approximate Analytical Solution

If the lag of particles from the gas is small, Eqs. (21–27) can
be linearized in terms of a small parameter that characterizes the
degree of this lag. In particular, according to Kovalev and Fomin,29

we have

wg ¡ wa
»D

we

’1

dwe

dx
(29)

The parametersof the equilibrium� ow in the nozzle are determined
by the formulas

½e D .1 C W /½g; ce
p D

cp C cbW

1 C W
; ce

v D
cv C cbW

1 C W

ke D
ce

p

ce
v

; R0
e D ce

p ¡ ce
v (30)

we D a¤
e °e

³
2

ke C 1

´ 1
2

(31)

Pe D P¤
e

³
1 ¡

ke ¡ 1
ke C 1

° 2
e

´ke=.ke ¡ 1/

(32)

½e D ½¤
e

³
1 ¡

ke ¡ 1
ke C 1

° 2
e

´1=.ke¡1/

(33)

F

Ft
D 1

°e

µ
2=.ke C 1/

1 ¡ ° 2
e .ke ¡ 1/=.ke C 1/

¶1=.ke ¡1/

(34)

Here a¤
e D

p
.ke P¤

e =½¤
e /; P¤

e ; ½¤
e are the velocity of sound, pressure,

and density in the frozen equilibrium � ow.
From Eq. (28), taking into account Eqs. (27), (29), and (32), we

can easily evaluate the admissible particle size as a function of x:

±.x/ D
»

Wet .18¹g/2¾b.1 C W /

½2
b ½e.wedwe=dx/2

¼ 1
5

(35)

Each cross section of the nozzle will not allow droplets larger than
±.x/ to pass without shattering. Assuming that dR=dx D » , in the
case of � nite curvature of the contour, we can readily show that the
function ±.°e/ will reach a minimum at the throat Ft . Obviously,
the derivative dwe=dx is undetermined for » D 0 and °e D 1. We
represent it in the form

dwe

dx
D

f1.°e; x/

f2.°e; x/
(36)

f1.°e; x/ D 2a¤
e R.x/».x/

³
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¡
° 2
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¢

We assume that the following expressions are valid in the nozzle
throat:

dwe

dx

­­­­
x D xt

D w0
et; we.x/ ¡ wet D w0

et.x ¡ xt / (37)

Here wet is the equilibrium velocity in the throat. We expand the
functions f1 and f2 into the Taylor series for x D xt . We obtain
an algebraic equation for the derivative w0

et , which follows from
Eqs. (36) and (37) and depends on (with regard for the curvature
radius of the nozzle throat RC )

dwe

dx

­­­­
x D xt

D 2
p

2a¤
e

.ke C 1/
p

RC Dt

;
1

RC
D d2 R

dx2
(38)

where Dt D 2Rt is the nozzle-throatdiameter. The particle/gas frac-
tion W is easily calculated from the mass fraction ®Al of aluminum
in the propellant if the two-phase � ow is assumed to be steady. The
� ow rate of particles ½awa (where ½a is the mean density of parti-
cles) and the � ow rate of the gas ½gwg per unit area depend on the
mean burning rate !T and propellant density ½T and are constants:
½awa D ®Al½T !T , ½gwg D .1 ¡ ®Al/½T !T . It follows from here that
W D ½awa=.½gwg/ D ®Al=.1 ¡ ®Al/. This ratio is an approximate
estimation obtained from the following assumptions. Burning of
aluminum particles in products of solid propellant is a very compli-
cated process.Certainly at aluminum burning the propertiesof both
the own particle (turns into aluminum oxide) and gas containingthe
vapors of aluminumand its compoundschange.So consumptionsof
gas and particleswill not be constant.However, one can assume that
at a stationary� ow a ratio of these consumptionsin one and the same
section of the nozzle is either constant or negligibly little change.
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Table 2 Comparison of the particle size ±t calculated by Eq. (39) and the Al2O3 particle size data summary, Ref. 27

Item no. Motor Propellant % Al »C TC ; OR NPC , psia Dt , in. RC =Rt N¿ , ms Dexp
43 , ¹m Dcor

43 , ¹m ±t , ¹m

1 156-5 LPC-58OA 87% 18 0.32 6260 667 60.4 0.5 113 10.9 12.08 11.37
solids PBAN

2 156-6 LPC-58OC 87% 18 0.32 6260 664 34.5 0.6 110 11.1 10.25 9.44
solids PBAN

3 156-7 TP-H8163 86% 16 0.26 6110 560 20.0 3.0/1.0 143 10.8 8.73 10.78
solids PBAN

4 156-9 TP-H1115 87% 18 0.32 6400 560 34.5 0.9/0.8 110 12.0 10.25 10.54
solids PBAN

5 TCC-120 TP-H1085 88.5% 20 0.34 6260 700 24.5 0.9/0.5 162 11.1 9.27 8.92
solids CTPB

6 TCC-120 TP-H1077 86% 16 0.26 6110 —— 21.3 —— —— 8.6 —— ——
solids PBAN

7 UA-1205 UTR-3001 84% 16 0.285 5960 550 37.7 0.4 175 12.0 10.52 9.36
solids PBAN

8 260-SL2 ANB-3105 85% 15 0.26 5990 489 71.0 1.0 202 12.9 12.66 14.74
solids PBAN

9 260-SL3 ANB-3254 85% 15 0.26 5990 559 89.1 0.7 143 13.3 13.54 14.64
solid PBAN

10 44SS4 ANB-3254 85% 15 0.26 5990 495 15.5 0.75/1.0 23 8.89 7.38 7.55
solids PBAN

11 Poseidon/FS TP-H1114 86% 16 0.26 6170 870 11.6 1 116 8.75/6.2 7.44 6.36
solids PBAN

12 MM/S ANP-2864 82% 17 0.293 6090 460 8.5 3 60.3 5.8 6.79 8.00
wing II solids PU

13 Super BATES UTP-18, 803A 90% 21 0.357 6670 1000 8.0 2 74 5.23 6.67 6.18
solids HTPB

14 MM/FS TP-H1011 86% 16 0.26 6120 650 7.5 1 91 8.98 6.55 5.67
65-in. solids PBAN

15 45 in. UTP-15, 908 90% 18 0.305 6320 950 4.14 4 145 6.23 5.50 5.50
solids HTPB 25%
HMX

16 C4/TS ADP UTP-15, 908 90% 18 0.305 6320 1000 4.04 4 90 6.17 5.46 5.37
solids HTPB 25%
HMX

17 MX/S ADP PEG/FEFO 84% 18 0.297 6770 1250 6.91 2/1 157 5.77 6.39 5.47
solids

19 Shuttle staging UTP-19, 048 86% 2 0.036 5390 1700 3.2 1.5 6.5 1.14 1.41 3.77
motor solids HTPB

20 CSD-TM-3 UTP-15, 151 90% 18 0.310 6280 770 2.3 2 54 5.33 4.63 3.94
solids HTPB 25%
HMX

21 CSD-TM-3 UTP-15, 151 90% 18 0.305 6320 1093 2.04 2 69 4.38 4.47 3.50
solids HTPB 25%
HMX

22 CSD-TM-3 UTP-15, 908 90% 18 0.305 6320 980 2.03 2 69 5.36 4.46 3.57
solids HTPB 25%
HMX

23 70-1b BATES RH-P-112 45% 20 0.271 6140 1200 2.1 2 16 2.63 4.44 3.53
solids CMDB

24 70-1b BATES RH-P-112 45% 20 0.271 5960 400 3.73 2 5.2 5.41 1.96 5.56
solids CMDB

25 70-1b BATES ANP-2969 75% 20 0.34 6440 1000 1.48 2 35 2.34 4.07 3.15
solids PU

26 70-1b BATES ANP-3066 88% 15 0.25 6290 1000 1.76 2 27 1.93 4.26 3.31
solids CTPB

27 70-1b BATES TP-H-1120 86% 16 0.26 6125 500 3.21 2 6.9 2.72 2.65 4.88
solids PBAN

28 70-1b BATES TP-H-8163 86% 16 0.26 6240 1000 2.00 2 18 2.11 4.35 3.50
solids PBAN

29 70-1b BATES TP-H-8163 86% 16 0.26 6110 550 2.46 2 12 2.00 3.56 4.31
solids PBAN

30 70-1b BATES LPC-580A 87% 18 0.32 6330 1000 2.52 2 13 2.66 4.60 3.87
solids PBAN

31 9C7.5-17.1 RH-P-178 56% 21 0.36 6670 1000 1.70 2 17 2.60 4.21 3.32
solids CMDB

32 9C7.5-17.1 RH-SE-108 63% 15 0.25 6380 1000 1.70 2 16 1.90 4.07 3.25
solids TVOPA

33 10KS-2500 82% solids 17 0.292 6010 1000 1.9 2 32 4.59 4.37 3.48
polyurethane

34 3KS-1000 82% solids 17 0.292 6010 1000 0.9 2 15 4.41 3.42 2.58
polyurethane

35 3KS-1000 82% solids 17 0.31 5580 200 1.6 2 5 1.2 0.93 4.55
polyurethane

36 3KS-1000 82% solids 15 0.258 5900 1000 0.9 2 15 4.35 3.37 2.56
polyurethane

(Continued)
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Table 2 Comparison of the particle size ±t calculated by Eq. (39) and the Al2O3 particle size data summary, Ref. 27(continued)

Item no. Motor Propellant % Al »C TC ; OR NPC , psia Dt , in. RC =Rt N¿ , ms Dexp
43 , ¹m Dcor

43 , ¹m ±t , ¹m

37 3KS-1000 82% solids 19 0.326 6140 1000 0.9 2 15 4.48 3.45 2.59
polyurethane

38 3KS-1000 82% solids 3 0.052 5220 1000 0.9 2 12 3.11 1.40 2.48
polyurethane

39 1KS-250 82% solids 17 0.292 6010 1000 0.3 2 6 0.75 1.94 1.66
polyurethane

40 1KS-250 82% solids 3 0.052 5220 1000 0.3 2 5 0.25 0.48 1.83
polyurethane

41 HI-5PC DDP-08 41% 20.9 0.368 7020 1000 0.8 2 6.5 3.12 2.91 2.43
solids CMDB

42 HI-5PC DDP-08 41% 20.9 0.368 6980 800 0.95 2 4.6 3.23 2.39 2.73
solids CMDB

43 HI-5PC DDP-08 41% 20.9 0.368 6920 600 1.1 2 3.4 3.21 1.71 3.07
solids CMDB

44 3KS-500 ANB-3254 85% 15 0.26 6060 1000 1.0 0.5 3.9 2.15 2.04 2.01
solids PBAN

45 15-1b BATES RH-P-112 45% 20 0.271 6100 1000 1.28 2 8.3 2.19 3.00 3.00
solids CMDB

46 CSD-TM-1 UTP-15,908 90% 18 0.305 6340 1116 0.70 2 25 4.99 3.26 2.27
solids HTPB 25%
HMX

47 CSD-TM-1 UTP-15,908 90% 18 0.305 6350 1368 0.65 2 29 4.76 3.19 2.11
solids HTPB 25%
HMX

48 CSD-TM-1 UTP-15,945 88% 18 0.315 6320 885 1.31 2 7.1 2.61 3.14 3.05
solids HTPB

49 CDS-4 1b UTP-11,475 88% 18 0.299 6470 1000 0.625 2 11.7 3.00 2.98 2.21
solids CTPB

50 CSD-4 1b UTP-13,945 88% 18 0.315 6340 997 0.835 2 6.8 3.56 2.84 2.49
solids HTPB

51 CSD-4 1b UTP-15,158 90% 16.5 0.28 6130 1000 0.578 2 13.7 2.46 2.95 2.14
solids CTPB 34%
HMX

52 CSD-4 1b UTP-15,908 88% 18 0.305 6320 1030 0.544 2 15.8 3.06 2.98 2.08
solids HTPB 25%
HMX

53 CSD-3C2-X UTP-3096 84% 16 0.277 6030 1100 0.25 2 67 4.09 2.41 1.51
solids PBAN

54 CSD-3C2-X UTP-3096 84% 16 0.277 6060 1000 0.50 2 67 4.08 2.96 2.03
solids PBAN

55 CSD-3C2-X UTP-3096 84% 16 0.277 5960 630 0.50 2 68 3.64 2.96 2.23
solids PBAN

56 CSD-3C2-X UTP-3096 84% 16 0.270 5640 115 0.50 2 71 0.52 2.47 3.17
solids PBAN

57 CSD-3C2-X UTP-3096 84% 16 0.277 6030 970 0.50 2 33 3.23 2.94 2.04
solids PBAN

58 CSD-3C2-X UTP-3096 84% 16 0.277 5980 730 0.50 2 33 2.54 2.94 2.16
solids PBAN

59 CSD-3C2-X UTP-3096 84% 16 0.273 5680 140 0.50 2 35 1.04 1.96 3.04
solids PBAN

60 CSD-3C2-X UTP-3096 84% 16 0.277 6030 980 0.50 2 14 2.99 2.82 2.03
solids PBAN

61 CSD-3C2-X UTP-3096 84% 16 0.277 5970 650 0.50 2 15 2.69 2.63 2.21
solids PBAN

62 CSD-3C2-X UTP-3096 84% 16 0.276 5930 470 0.50 2 15 2.20 2.35 2.36
solids PBAN

63 CSD-3C2-X UTP-3096 84% 16 0.27 5640 110 0.50 2 17 0.93 1.00 3.19
solids PBAN

64 CSD-3C2-X UTP-3096 84% 16 0.274 5760 190 1.00 2 8 1.05 1.04 3.76
solids PBAN

65 CSD-3C2-X UTP-4574 82% 5 0.091 5260 600 0.50 2 15 1.05 1.44 2.19
solids PBAN

66 2C1.5-4 UTP-13,945 88% 18 0.315 6340 997 0.335 2 4.1 2.46 1.71 1.73
solids HTPB

Then an approximatevalue W D ®Al=.1 ¡ ®Al/ is true. Substituting
Eq. (38) into Eq. (35), we obtain

±t D

"
162RC Dt

±
1 C ®Al

1 ¡ ®Al

²
¾bWet

½2
b

£
¹2

g

k2
e R0

e T ¤
e P¤

e

³
ke C 1

2

´.3ke ¡ 2/=.ke ¡ 1/
# 1

5

(39)

Because the stagnationparametersof the equilibrium� ow are ap-
proximatelyequal to the correspondingparameters in thecombustor
P¤

e ¼ PC , T ¤
e ¼ TC , and using Eq. (30) to determine ke , formula (39)

allows one to calculate the limiting particle size ±t at the throat for
a given nozzle geometry, pressure, and temperature in the combus-
tor. This size is the lower limit for large particles (Their diameters
should tend to this limit as a result of aerodynamic fragmentation.)
and the upper limit for small particles. (Their diameters should tend
to this limit as a result of coagulation during collisions.)



KOVALEV 1209

KovalevandFomin’s calculations29 of one-dimensionalequations
of a polydispersetwo-phase � ow in the Laval nozzle (with coagula-
tion and the Lagrange and Weber breakup)show that the mean-mass
diameter of droplets in the throat and at the nozzle exit coincides
rather accurately with ±t predicted by Eq. (39). Results of mul-
tidimensional numerical studies of two-phase polydisperse nozzle
� ows areknown,which were performedat a high levelof mathemat-
ical and numerical simulation includingcoagulationand breakupof
droplets.22¡24 The mean-mass diameter of particles changes most
signi� cantly in the subsonic part of the nozzle. For a moderate vol-
ume concentrationof particles (»10¡5 ¡ 10¡4/, which is typical of
propellants with a moderate content of aluminum, the mean-mass
diameter in the supersonic part of the � ow changes weakly along
the nozzle, and the difference between its values at the nozzle exit
and in the throat is small. This agrees, partly, with Salita’s results.38

The analysis of calculations22¡24;29 allows us to speak about the
possibility of using formula (39) for estimation of the droplet size
not only in the throat but also at the nozzle exit.

B. Analysis of Results and Comparison with Experimental Data

The measured values of mean-mass diameter D43 in exhaust
plumes of a large number of small and medium-sized rocket en-
gines were listed by Hermsen27 (and are repeated here as Table 2).
This table contains the geometriccharacteristicsof the nozzle, com-
positions of solid propellants, and parameters of its burning in the
combustion chamber at which D43 was measured. The notation of
parameters in Tables 2 and their dimensions correspond to those
accepted in Ref. 27: »C is the aluminum-oxide concentrationunder
combustor conditions, g ¢ mole/100 g; TC is the Rankine tempera-
ture in the combustor, OR; PC is the pressure in the combustor, psia;
Rt or Dt is the radius or diameter of the nozzle throat, in.; RC is
the curvature radius of the nozzle throat, in.; N¿ is the residence time
in the combustor, ms; Ret is the Reynolds number in the nozzle

Fig. 8 Comparison of the particle size ±t ( ) calculated by Eq. (39)
and the mean-mass diameter Dexp

43
(Ref. 27) (4).

Fig. 9 Comparisonof the particle size Dcor
43

( ) calculated by the corre-
lation dependence [Eq. (40)] and the mean-massdiameter Dexp

43
(Ref. 27)

(4).

throat. According to Hermsen, the mean-mass diameter D43 of the
Al2O3 particles in exhaust plumes (data of Table 2) is adequately
approximated by the empirical correlation

Dcor
43 D 3:6304D0:2932

t [1 ¡ exp.¡0:0008163»C PC N¿ /] (40)

Formula (40) is recommended in Ref. 27 as the best one and, in
Ref. 40 yields good agreement with result of particle-size measure-
ments in the plume of a large-scale engine of the Shuttle class.
Figure 8 shows a comparison of the values of ±t calculated theo-
retically by formula (39) to the measured data used by Hermsen.
Agreement is comparable to that demonstratedby Hermsen’s corre-
lation (40) of the data (Fig. 9). In evaluatingEq. (39), the following
parameters were speci� ed for liquid drops of Al2O3 (according to
Ref. 39, p. 246, at the meltingpointTm D 2303K): ½b D 3060kg/m3,
¾b D 0.7 N/m, and cb D 1400 J/(kg K). The values of gas-dynamic
parameters were chosen in the form ¹g=6.55£10¡5N ¢ s/m2,
cp D 1922 J/(kg K), Rg D R0=Âg D 397 J/(kg K),
and Wet D 22.

IV. Conclusions
The discrepanciesobserved in Figs. 8 and 9 are a little different,

which allows us to argue that formula (39) can be used to evaluate
the mean particlesdiameterat the nozzleexit. This is also evidenced
by the fact that the results of numerical simulation of polydisperse
two-phase � ows yield a mean-mass particle diameter D43.x/ in
the nozzle throat, which is barely different from the limiting di-
ameter ±t and remains almost unchanged until the nozzle exit.22¡24

The disagreementwith experimental results can be attributed to the
following reasons:

1) Table 2 (Ref. 27) contains no gas parameters (dynamic vis-
cosity ¹g , gas constant Rg , and speci� c heat capacity at constant
pressure cp/ necessary for formula (39); therefore, they were esti-
mated approximatelyand then remained constant in all calculations.

2) The particle-material properties ½b; cb; ¾b depend on
temperature.

3) If the particle concentration in the � ow is small (as was the
case in experiment Nos. 19, 38, 40, and 65 with aluminum content
in the propellant equal to 2, 3, and 5%, respectively,Table 2), then
the mean-mass particle diameter has not enough time to reach the
limiting value ±t . Therefore, the difference with these experiment
was more than 100%.

4) It is dif� cult to explain why such low values of Dexp
43 are ob-

tainedat low pressures(experimentNos. 35,56,59, and63,Table 2).
On theonehand, the low pressurein the combustorfavorsthe growth
of agglomerates of aluminum particles on the burning surface1¡7;
on the other hand, the force action of the gas on the particles at low
pressure is rather small, and the degree of particle breakup cannot
be that high.

The limits of applicability of formula (39) are directly related to
the content of aluminum in the propellant.Obviously, if the concen-
tration of aluminum is low (less than 5–10%), then the mean-mass
particle diameter can fail to reach the limiting size, and the error is
large. For high contents of aluminum (more than 25%), the particle
concentrationcan be so high that it will exert a choking effect in the
two-phase � ow25 with strong competition of the processes of aero-
dynamic fragmentation and coagulation of particles. As a result,
the mean-mass particle diameter will be greater than the admissible
limiting value.

Nevertheless, in all other cases, where the content of aluminum
is neither very high nor very low, which is a typical situation
for advanced solid rocket motors, formula (39) is not worse than
Hermsen’s correlation (40). In contrast to (40), formula (39) is a
physically well-grounded, multiparametric dependence and con-
tains 11 independent physical parameters, which can be readily
calculated and prescribed.A comparison of theoretical calculations
with the Hermsen’s empirical correlation and experimental data of
Refs. 27, 28, and 40 allows us to recommend this formula for pre-
dicting the size of Al2O3 particles in exhaust plumes of a wide class
of solid rocket motors.
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